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We say that a (d + 1)-polytope P is an extension of a polytope
K if the facets or the vertex ﬁgures of P are isomorphic to K.
The Schläﬂi symbol of any regular extension of a regular polytope
is determined except for its ﬁrst or last entry. For any regular
polytope K we construct regular extensions with any even number
as ﬁrst entry of the Schläﬂi symbol. These extensions are lattices if
K is a lattice. Moreover, using the so-called CPR graphs we provide
a more general way of constructing extensions of polytopes.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
This paper addresses the problem of the existence of an abstract regular (d+1)-polytope Q whose
facets are isomorphic to K, where K is a given regular d-polytope.
In 1983 Schulte constructed a regular extension of any given d-polytope K to a (d + 1)-polytope
with ∞ as the last entry of its Schläﬂi symbol (see [12] and [5, Chapter 4D]). This extension is
universal in the sense that it covers any other regular extension of K. Another extension was found
by Schulte in [9], for polytopes with the property that their automorphism group acts faithfully on
their facets (see also [10,12,13]); in this case the last entry of the Schläﬂi symbol is 6. In [7], using the
so-called CPR graphs, the author shows extensions for a particular class of regular polytopes called
“dually bipartite,” with any even number as last entry of the Schläﬂi symbol.
Preassigning a d-polytope L one can similarly try to extend to a (d+1)-polytope with vertex ﬁgure
isomorphic to L. In 1984 Danzer constructs the polytope 2L which has its vertex ﬁgure isomorphic
to L, and 4 as the ﬁrst entry in its Schläﬂi symbol (see [3,11] and [5, Chapters 8B, 8D]).
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304 D. Pellicer / Journal of Combinatorial Theory, Series A 116 (2009) 303–313In this paper, given any regular d-polytope K and any integer s  2, we prove the existence of a
regular extension of K to a polytope Q whose ﬁrst entry in the Schläﬂi symbol is 2s. In particular,
this also provides a partial answer to the conjecture of Schulte in [8]. In Section 2 we give some
introductory deﬁnitions and results about abstract regular polytopes. In Section 3 we describe the
polytopes 2sK−1 which are extensions of the polytope K and generalize the polytopes 2K; further-
more we prove that they are lattices whenever K is a lattice. For this construction we require all the
faces of K to be determined by their vertex sets.
The concept of CPR graph was introduced in [6]. That turned out to be a useful tool to describe
a permutation representation of C-groups, that is, the automorphism groups of regular abstract poly-
topes and, as evidenced in this paper, for a construction of classes of regular polytopes from known
(low dimensional) regular polytopes. In Section 4 we deﬁne CPR graphs, along with some basic prop-
erties of them. In Section 5 we give an alternative deﬁnition of the polytopes 2sK−1 in terms of CPR
graphs. This deﬁnition allows us to construct the polytope 2sK−1 for any polytope K. Finally, in Sec-
tion 6 we mention some known examples of the polytopes 2sK−1 and we provide some extensions
constructed in a similar way to that of 2sK−1, again, in terms of CPR graphs.
2. Abstract regular polytopes
In this section we give the deﬁnition of abstract regular polytopes as well as some basic properties
about them.
An abstract polytope K of rank d, or d-polytope, is a partially ordered set that satisﬁes the following
four properties.
(I) K has a minimal element F−1 and a maximal element Fd . (1)
The elements of K are called faces. There is little possibility of confusion if we identify any face F
with the polytope section {G | G  F }. The section {G | G  F } is called the co-face of F . The maximal
totally ordered sets are called ﬂags.
(II) Every ﬂag has exactly d + 2 elements including F−1 and Fd . (2)
This induces a rank function in K such that the rank of F−1 is −1 and the rank of Fd is d. The
rank i elements are called i-faces; the 0-faces are called vertices, the 1-faces edges, and the (d − 1)-
faces facets. If F is a vertex then the co-face of F is also called the vertex ﬁgure of F . The set of i-faces
of K is denoted by Ki .
(III) Given two incident faces F and G such that rank(G) − rank(F ) = 2,
there exist exactly two faces H1, H2 such that F  Hi  G . (3)
As a consequence of (III) we have that for j ∈ {0,1, . . . ,d − 1} and for any ﬂag f there exists one
unique ﬂag f j , called the j-adjacent ﬂag of f , which differs from f only in the j-face.
(IV) Given two ﬂags f , g there exists a sequence of ﬂags f0 = f , f1, . . . , fk = g such that
f i is adjacent to f i+1 and f ∩ g ⊆ f i (0 i  k − 1). (4)
The dual K∗ of the polytope K is the poset consisting of the set of faces of K with the order given
by reversing the order on the faces of K.
An automorphism of a polytope is an order preserving bijection of its facets. A polytope K is said
to be regular if its automorphisms group, denoted by Γ (K), is transitive on the ﬂags of K.
The automorphism group of any regular d-polytope is generated by involutions ρ0, . . . , ρd−1, where
( f )ρ j = f j for j = 0, . . . ,d − 1, and a ﬁxed base ﬂag f . These generators satisfy that
(ρiρ j)
2 = ε if |i − j| 2, (5)
and the so-called intersection property that says
〈ρk | k ∈ I〉 ∩ 〈ρk | k ∈ J 〉 = 〈ρk | k ∈ I ∩ J 〉 (6)
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are called string C-groups.
Every string C-group is the automorphism group of a regular polytope. This establishes a bijec-
tive correspondence between the regular polytopes and the string C-groups. The following propo-
sition helps to determine when a group with a generating set satisfy the intersection property
(see [5, Chapter 2E]).
Proposition 2.1. Let Γ = 〈ρ0, . . . , ρn−1〉 be a group such that ρ2k = ε for all k, and (ρiρ j)2 = ε for |i− j| 2.
If 〈ρ0, . . . , ρn−2〉 is a string C-group, and
〈ρ0, . . . , ρn−2〉 ∩ 〈ρk, . . . , ρn−1〉 = 〈ρk, . . . , ρn−2〉
for k = 1, . . . ,n − 1, then Γ is also a string C-group.
The sections between two incident faces of ranks i − 1 and i + 2 of a regular polytope K are
isomorphic to regular pi-gons. The number pi is determined in Γ (K) by the relation
(ρi−1ρi)pi = ε. (7)
We say that the Schläﬂi type or Schläﬂi symbol of the polytope is {p1, . . . , pd−1}.
Whenever the automorphism group of a regular polytope K is determined by the relations (5)
and (7) we denote K by {p1, . . . , pd−1}. For instance, the polygon with p edges is simply denoted
by {p}.
The Petrie polygons of a regular polyhedron (3-polytope) K are deﬁned by taking two but not three
consecutive edges of the faces of K. The length of these paths is given by the order of the element
ρ0ρ1ρ2 in Γ (K). Whenever the automorphism group of a regular polytope K is determined by the
relations (5), (7) and (ρ0ρ1ρ2)r = ε we denote K by {p1, . . . , pd−1}r .
Given a regular polytope K we denote the normal closure of {ρ0, . . . , ρk} as
N−k :=
〈
φ−1ρiφ
∣∣ i  k, φ ∈ Γ (K)〉.
Equivalently,
N−k :=
〈
φ−1ρiφ
∣∣ i  k, φ ∈ 〈ρk+1, . . . , ρd−1〉
〉
. (8)
Then
Γ (K) = N−k 〈ρk+1, . . . , ρd−1〉 = 〈ρk+1, . . . , ρd−1〉N−k . (9)
We say that a regular polytope satisﬁes the ﬂat amalgamation property (FAP) with respect to its co-k-faces
if the product in (9) is semi-direct. The FAP with respect to the k-faces can be deﬁned in a similar
way (this is the DAP in [8]). The next proposition gives an equivalence of the FAP (see [5, Chapter 4E]).
Proposition 2.2. Let K be the regular d-polytope with automorphism group Γ (K) = 〈ρ0, . . . , ρd−1 | R〉,
where R is a set of deﬁning relations in terms of ρ0, . . . , ρd−1 .
The polytope K has the FAP with respect to its co-k-faces if and only if 〈ρ0, . . . , ρd−1 | R and ρi = ε
for i  k〉 is a group presentation of the automorphism group of the co-k-faces.
Let m n, and let Γ (K) = 〈ρ0, . . . , ρn−1〉 and Γ (P) = 〈σ0, . . . , σm−1〉 be the automorphism groups
of the polytopes K and P . Let τi be the pair (ρi, σi) for i = 0, . . . ,m−1 (we deﬁne ρi = ε if i > n−1),
and let Λ be the subgroup of Γ (K) × Γ (P) generated by τ0, . . . , τm−1. If Λ is a string C-group with
respect to the generators τ0, . . . , τm−1, then the regular polytope Q associated to it is said to be the
mix of K and P , denoted by K ♦P .
Remark 2.3. For every regular d-polytope K, the mix K ♦K is isomorphic to K.
For further details about abstract regular polytopes see [5].
In Section 3 we are interested in polytopes that are lattices. The following proposition is useful to
determine when this occurs (see [1, Chapter 2.3]).
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• has a greatest element,
• has no inﬁnite descending chains, and
• every two elements have greatest lower bound,
then (P ,) is a lattice.
3. The polytope 2sK−1
In this section we construct an extension 2sK−1 of a given polytope K for any prescribed even
number 2s 4 as last entry of the Schläﬂi symbol. Furthermore, we provide its automorphism group
and prove that the polytope 2sK−1 is a lattice whenever the polytope K is a lattice. The construction
of the polytope 2sK−1 is similar to the construction of the polytope 2K described in [11].
Let K be a regular polytope with vertex set K0 = {v1, v2, . . . , vm}, base vertex (vertex in the base
ﬂag) vm , and such that its faces are completely determined by their vertex sets (in particular this
condition is satisﬁed if K is a lattice).
Let U = {(z1, . . . , zm) ∈ (Zs)m |∑ zi = 0}, and let η1, . . . , ηm be the involutory bijections in U × Z2
deﬁned by
[
(z1, . . . , zm),0
]
ηi =
[
(z1, . . . , zi−1, zi + 1, zi+1, . . . , zm−1, zm − 1),1
]
,
[
(z1, . . . , zm),1
]
ηi =
[
(z1, . . . , zi−1, zi − 1, zi+1, . . . , zm−1, zm + 1),0
];
for i <m, and
[
(z1, . . . , zm), r
]
ηm =
[
(z1, . . . , zm), r + 1
]
.
Consider the graph sGK with vertex set U ×Z2 such that a vertex x¯ = [(x1, . . . , xm), r] and a vertex
y¯ = [(y1, . . . , ym), t] are adjacent if and only if x¯ = ( y¯)ηi for some i.
For any element x¯ = [(x1, . . . , xm), r] of V (sGK), and for any face F of K of rank at least 1 we
deﬁne F (x¯) as the set of vertices x¯〈ηi | vi is a vertex of F 〉. Note that if vm is a vertex of F , then F (x¯)
is just
{
z¯ = [(z1, . . . , zm), r
] ∈ V (sGK)
∣∣ zi = xi if vi is not a vertex of F
}
.
Remark 3.1. If F (x¯) ⊆ F ′( y¯) for some faces F  F ′ of K, and some vertices x¯ and y¯ of sGK , then
F ′(x¯) = F ′( y¯).
Let 2sK−1 be the set whose elements are the empty set, the vertices and edges of sGK , and the
sets F (x¯), for all x¯ and for all faces F of K of rank at least 1. We will prove that 2sK−1, ordered by
inclusion, is a regular polytope.
It is immediate that 2sK−1 satisﬁes (1) and (2); (3) follows from Remark 3.1; and (4) follows from
the deﬁnition of F (x¯), the connectivity of sGK , and the strong ﬂag connectivity of K. Hence 2sK−1 is
an abstract polytope of rank d + 1.
It is also immediate that the vertex ﬁgure at each vertex is isomorphic to K.
Now we prove that 2sK−1 is regular by identifying a suitable set {σ0, . . . , σd} of generators
of Γ (2sK−1).
Let the base ﬂag of K contain the vertex vm and the edge {vm, vm−1} as faces of rank 0 and 1,
respectively. Let the base ﬂag of 2sK−1 be the set f containing the initial vertex x¯0 = [(0, . . . ,0),0],
the edge {x¯0, [(0, . . . ,0),1]}, and the faces F (x¯0), for all faces F of the base ﬂag of K of rank greater
than 0. Any element φ ∈ Γ (K) induces a permutation τ of the (indices of the) vertices of K. We
deﬁne the following function φ′ on U
(x1, . . . , xm)φ
′ = (x(1)τ−1 , . . . , x(m)τ−1 ).
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follows.
[
(x1, . . . , xm), r
]
σi =
[
(x1, . . . , xm)ρ
′
i−1, r
]
for i = 2, . . . ,d,
[
(x1, . . . , xm), r
]
σ0 =
[
(−x1, . . . ,−xm), r + 1
]
and
[
(x1, . . . , xm),0
]
σ1 =
[
(x1, . . . , xm)ρ
′
0,0
]
,
[
(x1, . . . , xm),1
]
σ1 =
[
(x1, . . . , xm−2, xm−1 − 1, xm + 1)ρ ′0,1
]
.
It is not hard to see that the σi ’s are order preserving bijections of the vertex set of 2sK−1. More-
over, σi sends the base ﬂag to its i-adjacent ﬂag. Hence, 2sK−1 is a regular (d + 1)-polytope with
automorphism group
〈σ0, . . . , σd〉 = Γ
(
2sK−1
)
.
Now we can state the following theorem.
Theorem 3.2. Let K be a regular d-polytope such that its faces are determined by their vertex sets, then the
polytope 2sK−1 is a regular (d + 1)-polytope with vertex ﬁgures isomorphic to K and 2s as ﬁrst entry of the
Schläﬂi symbol.
Proof. The above discussion proves the regularity of 2sK−1. The vertex ﬁgure at the base vertex v0 is
the polytope with elements
{
F (v0)
∣∣ F is a face of K}
with the order given by F1(v0) F2(v0) if and only if F1  F2 in K, but this is isomorphic to K.
The 2-faces of the polytope 2sK−1 are the elements e(x¯) with e an edge of K and x¯ =
[(x1, . . . , xm),0] (say) a vertex of 2sK−1. If vm ⊆ e then
e(x¯) = {z¯ = [(z1, . . . , zm), r
] ∈ V (2sK−1) ∣∣ zk = xk if vk  e
}
,
otherwise e(x¯) = E0 ∪ E1 where
E0 =
{[
(z1, . . . , zm),0
] ∈ V (2sK−1) ∣∣ zk = xk if vk  e
}
,
E1 =
{[
(z1, . . . , zm − 1),1
] ∈ V (2sK−1) ∣∣ zk = xk if vk  e
}
.
In both cases it is clear that the face e(x¯) of 2sK−1 has 2s vertices. 
To determine Γ (2sK−1) we make use of the following proposition.
Proposition 3.3. The automorphism group of the polytope 2sK−1 is given by Γ (2sK−1) ∼= Γ (K)N−0 . In par-
ticular, 2sK−1 has the FAP with respect to its vertex ﬁgures.
Proof. Note that, for i = 1, . . . ,d, the generator σi essentially permutes the entries of the vertices of
2sK−1 while σ0 ﬁxes them. In particular, if we remove all the elements σ0’s in any generating relation
σi1σi2 · · ·σik = ε,
on Γ (2sK−1), the remaining expression must not permute the entries of the vertices, and hence
we obtain a relation for Γ (K) (to see this evaluate the expression on vertices whose entries are all
0’s except in one entry). Hence, any generating relation for Γ (K) can be obtained from those for
Γ (2sK−1) by adding the extra relation ρ0 = ε. Proposition 2.2 ﬁnishes the proof. 
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0 is generated by the conjugates φσ0φ
−1
of σ0, with φ ∈ 〈σ1, . . . , σd〉. Each generator φσ0φ−1ψσ0ψ−1 of H acts on V (2sK−1), adding 1 to an
entry i and −1 to an entry j (i, j = 1, . . . ,m). It follows that Γ (2sK−1) ∼= Γ (K)(HZ2), where H ∼=
(Zs)m−1. This isomorphism maps σ0 into (ε, [(0, . . . ,0),1]) and σi into (ρi−1, [(0, . . . ,0),0]) for i > 0.
Theorem 3.4. Let K be a regular polytope such that its faces are determined by their vertices, then the auto-
morphism group of 2sK−1 is isomorphic to
Γ (K)  (H  Z2) ∼= Γ (K) 
(
(Zs)
m−1  Z2
)
,
where H ∼= Zm−1s , m is the number of facets of K, Z2 acts on H as the automorphism that sends each element
to its inverse, and 〈ρ1, . . . , ρd〉 acts on N−0 by permuting the coordinates of the elements of H. In particular,
2sK−1 is ﬁnite whenever K is ﬁnite.
As a direct consequence of the automorphism group of 2sK−1 and the embedding on it of the
generators ρi we have the following corollary.
Corollary 3.5. Let K be a regular polytope such that its faces are determined by their vertices, and let the
j-faces of K be isomorphic to the polytope P , then the ( j + 1)-faces of 2sK−1 are isomorphic to 2sP−1 .
The polytope 2K is described in [5, Chapter 8C] (see also [11]).
Corollary 3.6. 2 · 2K−1 = 2K.
Proof. In this case
N−0 ∼= H × Z2 ∼= (Z2)m.
Thus, the automorphism groups are the same, and the embeddings of the generators are analogous in
both polytopes. 
The name 2K stands for the number 2m of vertices of the polytope (here m is the number of
vertices of K). The same argument motivated the name 2sK−1.
Finally we state the following result.
Theorem 3.7 (Lattice property). The polytope 2sK−1 is a lattice whenever K is a lattice.
Proof. Let K be a lattice and let F (x¯),G( y¯) be two faces of 2sK−1. If the intersection of F (x¯) and
G( y¯) is not the empty set, let z¯ ∈ F (x¯) ∩ G( y¯). It can be seen easily that the meet of F (x¯) and G( y¯)
is H(z¯), where H is the meet of F and G in K. Now Proposition 2.4 implies that 2sK−1 is a lattice. 
4. CPR graphs
In this section we deﬁne CPR graphs and give some of their properties.
For any regular d-polytope K and any embedding π : Γ (K) → Sn of Γ (K) into the symmetric
group Sn we construct the corresponding C-group Permutation Representation (CPR) graph G as the
edge-labeled multigraph (we allow multiple edges) with vertex set V (G) := {1, . . . ,n} and label set
{0, . . . ,d − 1}, such that there is an edge labeled j between the vertices u and v if and only if
u(ρ jπ) = v .
The loops add no information, so we do not consider them as edges of the CPR graphs. Usually we
shall not explicitely mention the embedding π and only refer to G as a CPR graph of K.
There is a natural action of the automorphism group Γ (K) on the vertex set of any CPR graph G
of K determined by the action of the generators ρ0, . . . , ρd−1 of Γ (K) on V (G) given by uρ j = v if
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graph of the action of the automorphism group of the polytope on V (G).
Each time Γ (K) acts faithfully on the j-faces of K we can consider Γ (K) as a permutation group
on K j . The resulting CPR graph is called the j-face CPR graph.
The CPR graph obtained by considering Γ (K) = 〈ρ0, . . . , ρd−1〉 as a permutation group on the ﬂags
of K is the Cayley graph of Γ (K) with respect to ρ0, . . . , ρd−1 (see [14]), and we denote it by Cay(K).
For any CPR graph G of a polytope K we denote by
• Gi1,...,ik the induced subgraph of G containing all edges of labels i1, . . . , ik , and• G−i the induced subgraph of G obtained by deleting the edges of label i.
The set of edges of each label forms a matching on any CPR graph G of a polytope K. This implies
that the connected components of the subgraph Gi, j are either single vertices, double edges, alter-
nating paths, or alternating cycles. A path connected component of Gi, j of length k (with k edges)
determines the relation (ρiρ j)k+1 = ε, and a cycle connected component of length 2k (with 2k edges)
determines the relation (ρiρ j)k = ε in Γ (K). As a consequence we give the following results (see [6]).
Proposition 4.1. Given a CPR graph G of a regular d-polytope, and given non-consecutive indices i, j, the
connected components of Gi, j are either single vertices, single edges, double edges or alternating squares.
Proposition 4.2. Let G be a CPR graph of a regular d-polytope K with Schläﬂi type {p1, . . . , pd−1}. Then p j
is the least common multiple of the lengths plus one of the connected components of G j−1, j which are paths,
and of the halves of the lengths of the connected components of G j−1, j which are cycles.
We shall also require the following results.
Proposition 4.3. Let G be a CPR graph of a regular d-polytope P , let Λ be an automorphism group as a
labeled graph of G, and let O v be the orbit under Λ of the vertex v of G. Consider the graph GΛ with vertex
set {O v | v ∈ V (G)} such that O v is adjacent to O w if and only if there exist x ∈ O v and y ∈ Ow such that x
is adjacent to y in G.
If GΛ is a CPR graph of a regular d-polytope K, then K is a quotient of P and
Γ (K) ∼= Γ (P)/N,
with N = {φ ∈ Γ (P) | (v)φ ∈ O v for all v ∈ V (G)}.
Proposition 4.3 is a generalization of Proposition 3.8 in [6]. Note that the latter requires Λ to be
the full automorphism group of G , however its proof does not use this fact at all.
Remark 4.4. Given two polytopes K and P with mix Q := K♦P we can construct a CPR graph of Q
as the disjoint union of any CPR graph of K and any CPR graph of P .
For more details about CPR graphs see [6].
5. A CPR graph for the polytope 2sK−1
In this section we construct a CPR graph for the polytope 2sK−1. For this construction we no longer
need the faces of K to be determined by their vertex sets. This leads to an alternative deﬁnition of
the polytope 2sK−1 which can now be applied for any given polytope K. Furthermore, we also show
some quotient relations among these polytopes constructed for different values of s.
Let K be a regular d-polytope with vertex set {v1, v2, . . . , vm}, and let vm be the base vertex of K.
Let {u1,u2, . . . ,un} be the vertex set of Cay(K), such that {un−k+1,un−k+2, . . . ,un} is the set of ﬂags
containing vertex vm . Note that if we remove the edges of label 0 from Cay(K), this set of vertices
determines a connected component of the resulting graph.
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where
V
(
sG
K)= {(ui, j)
∣∣ i = 1,2, . . . ,n; j ∈ Z2s
}
and two vertices (ui1 , j1), (ui2 , j2) are adjacent with an edge of label r ∈ {0,1, . . . ,d} if and only if
they satisfy one of the following conditions.
• r ∈ {1,2, . . . ,d}, j1 = j2, and ui1 is adjacent to ui2 in Cay(K) with an edge of label r − 1.• r = 0, ui1 = ui2 , i1 ∈ {1,2, . . . ,n − k}, and j2 = j1 − 1 for j1 even (say).• r = 0, ui1 = ui2 , i1 ∈ {n − k + 1, . . . ,n}, and j2 = j1 + 1 for j1 even.
In constructing sGK we are taking 2s copies of the graph Cay(K), adding 1 to the label of each
edge, and joining them with edges of a new label 0 in the way shown by Fig. 1.
Theorem 5.1. For any regular d-polytope K of type {p1, . . . , pd−1} and any s  2, the graph sGK is a CPR
graph of a regular (d + 1)-polytope P(sGK) of type {2s, p1, . . . , pd−1} with vertex ﬁgure isomorphic to K.
Proof. Consider the group Γ  SV (sGK) generated by the involutions ρ0, . . . , ρd , where ρi is the prod-
uct of the transpositions determined by the pairs of vertices that share an edge of label i. Now we
prove that Γ = Γ (P(sGK)) is a string C-group with respect to ρ0, . . . , ρk .
Condition (5) follows from Proposition 4.2. In order to check the intersection property, let
φ ∈ 〈ρ0, . . . , ρ j〉 ∩ 〈ρ1, . . . , ρd〉;
and let
φ = ρi1ρi2 · · ·ρiN , (10)
with ik ∈ {0, . . . , j}.
We can obtain an element ψ ∈ 〈ρ1, . . . , ρ j〉 from φ by deleting the factors ρ0 in (10). Since φ,ψ ∈
〈ρ1, . . . , ρd〉, φ and ψ ﬁx the second coordinate of each vertex of sGK; and they act in the same
way in the ﬁrst coordinate because they have the same factors in {ρ1, . . . , ρd}, appearing in the same
order. Hence, φ = ψ ∈ 〈ρ1, . . . , ρ j〉. The intersection property follows from Proposition 2.1.
The vertex ﬁgure type is implied by Remark 4.4.
Finally, since the connected components of sGK0,1 are squares and a 4s-gon, Proposition 4.2 implies
that the ﬁrst entry of the Schläﬂi symbol is 2s. 
Proposition 5.2. The automorphism group of the polytope P(sGK) is given by Γ (P(sGK)) ∼= Γ (K)  N−0 .
In particular, P(sGK) has the FAP with respect to its vertex ﬁgures.
Proof. From the proof or Theorem 5.1 we can see that the generating relations for Γ (K) can be
obtained from those for Γ (P(sGK)) by adding the extra relation ρ0 = ε. The result follows from
Proposition 2.2. 
Note that the last proposition is also implied by Proposition 4.3.
In order to ﬁnd the automorphism group of P(sGK) explicitly it remains to determine the group
N−0 and how 〈ρ1, . . . , ρd〉 acts on it.
First, note that any element of N−0 ﬁxes the ﬁrst coordinate of each vertex of sGK , because the
generators ψρ0ψ−1, ψ ∈ 〈ρ1, . . . , ρd〉, of N−0 act just in this way (see Eq. (8)).
It can be seen that in sGK , regardless of the index j, ψρ0ψ−1 maps (ui, j) to (ui, j − 1) for
– (ui)ψ ∈ {u1,u2, . . . ,un−k} and j even, or
– (ui)ψ /∈ {u1,u2, . . . ,un−k} and j odd;
and it maps (ui, j) to (ui, j + 1) otherwise.
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number of generators of N−0 ). Again, it can be seen in sGK that for φ,ψ ∈ 〈ρ1, . . . , ρd〉
(ui,0)φρ0φ
−1ψρ0ψ−1 =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
(ui,0) if (ui)φ, (ui)ψ ∈ {u1, . . . ,un−k}
or (ui)φ, (ui)ψ /∈ {u1, . . . ,un−k};
(ui,2s − 2) if (ui)ψ /∈ {u1, . . . ,un−k}
and (ui)φ ∈ {u1, . . . ,un−k};
(ui,2) if (ui)φ /∈ {u1, . . . ,un−k} and (ui)ψ ∈ {u1, . . . ,un−k}.
(11)
Recall that v1, . . . , vm are the vertices of K. For j = 1, . . . ,m let u¯ j denote the set of ﬂags of K
that contain vertex v j , so in particular, u¯m = {un−k+1, . . . ,un}. If φ ∈ Γ (K) and (v j)φ = vk , then also
(u¯ j)φ = u¯k . Hence, it follows from the previous considerations that the generators of H leave each set
u¯ j invariant.
Now we map each generator φρ0φ−1ψρ0ψ−1 of H to the element (y1, . . . , ym) ∈ (Zs)m , where
y j =
⎧⎨
⎩
0 if (u)φ, (u)ψ /∈ u¯m; or (u)φ, (u)ψ ∈ u¯m;
−1 if (u)ψ ∈ u¯m , and (u)φ /∈ u¯m;
1 if (u)φ ∈ u¯m , and (u)ψ /∈ u¯m;
(12)
for u ∈ u¯ j . Note that if the image of the generator has an entry 1, then it also has an entry −1.
We can extend this mapping to a group homomorphism χ from H to (Zs)m because of the action
of Γ (K) on the set of vertices of K. If (φ)χ = (0, . . . ,0) for some φ ∈ H then φ ﬁxes every vertex
of sGK , hence χ is an injective homomorphism. It follows that the even subgroup of N−0 is
H ∼=
{
(x1, . . . , xm) ∈ (Zs)m
∣∣∣
∑
xi = 0
}∼= (Zs)m−1,
the subgroup generated by the images of the generators (see (12)).
From the graph sGK it can be easily seen that ρ0 /∈ H because ρ0 changes the second component
of a vertex by ±1; this implies that H is a subgroup of index 2 of N−0 . Hence N−0 is the semidirect
product H  〈ρ0〉. Since ρ0 interchanges odd and even second coordinates of the vertices of sGK , it
follows from (11) that 〈ρ0〉 acts by conjugation on H as the automorphism that maps each element
to its inverse. Finally, 〈ρ1, . . . , ρd〉 acts on N−0 by permuting the coordinates of the elements of (Zs)m
associated with elements of H because each entry is represented by (the set of ﬂags containing) a
vertex of K. Hence the automorphism group of P(sGK) is isomorphic to
Γ (K)  (H  Z2) ∼= Γ (K) 
(
(Zs)
m−1  Z2
)
,
where m is the number of facets of K. Note that if Γ (K) ∼= 〈ρ ′0, . . . , ρ ′d−1〉, then this isomorphism
maps the generator ρi of P(sGK) into (ε, [(0, . . . ,0),1]) and ρi into (ρ ′i−1, [(0, . . . ,0),0]) for i > 0.
This implies the following proposition
Proposition 5.3. The polytope P(sGK) is isomorphic to the polytope 2sK−1 .
Now we provide some quotient relations among the polytopes 2sK−1 for different values of s.
Proposition 5.4. Let K be a polytope and r, s be integers such that r divides s. Then the polytope 2sK−1 is a
(s/r)m−1-fold cover of the polytope 2rK−1 .
Proof. Note that the graph sGK has the cyclic group Cr as an automorphism group, where the gen-
erator λ of Cr maps the vertex (ui, j) into (ui, j + (s/r)) (this would induce a rotation on the graph
sGK with diagram as Fig. 1 shows). The quotient graph under this automorphism group is rGK . Now
Proposition 4.3 implies that 2rK−1 is a quotient of 2sK−1. Dividing the order of the automorphism
groups of these polytopes we conclude that 2sK−1 is a (s/r)m−1-fold cover of 2rK−1. 
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6. Examples and other extensions related to 2sK−1
In this section we provide some examples of known polytopes that can be seen as 2sK−1 for some
polytope K and some integer s. We also describe alternative extensions for polytopes in terms of CPR
graphs, constructed in a similar way to the CPR graph of 2sK−1 described in Section 5.
Following the paths determined by an edge of label 0, an edge of label 1 and an edge of label 2
(in this order) in the CPR graph of the polyhedron 2s{p} described in Section 5 we can determine that
the length of its Petrie paths is 2p if p is odd, and sp if p is even. For instance, the length of the
Petrie paths of the polyhedron 2s{3} is 6. Moreover, Γ (2s{3}) has 12s2 elements (see Theorem 3.4).
This leads to the following example.
Example 6.1. The polyhedron 2 · s{3} is isomorphic to {2s,3}6 (see [2, Table 8]).
The polytopes 2{4,4}(2,0) and 2{4,4}(3,0) are known to be the universal polytopes {{4,4}(4,0),
{4,4}(2,0)} = 2T 4(4,0),(2,0) and {{4,4}(4,0), {4,4}(3,0)} = 2T 4(4,0),(3,0) respectively (see [5, Chapter 10C]).
This extensions provide another universal locally toroidal polytope (the facets and vertex ﬁgures are
toroidal or spherical polytopes but not both spherical).
Example 6.2. The polytope 2 · 3{3,3}−1 is the universal polytope
{{6,3}(3,0), {3,3}
}= 3T 4(3,0)
(see [5, Chapter 11B]). This follows from the cardinality 1296 of the automorphism groups of these
two polytopes. The facet type of 2 · 3{3,3}−1 is isomorphic to {6,3}(3,0) and can be derived from
Corollary 3.5 and Example 6.1 noting that the polyhedron {6,3}(3,0) is totally determined by the
length 6 of its Petrie paths.
Now we present extensions of polytopes constructed in a way similar to the one described in
Section 5.
Let K be a regular polytope and 2s be an even number. Let G be a CPR-graph of K such that the
graph G−0 is disconnected (recall that G−0 is the graph obtained from G by deleting the edges of
label 0). Let U ⊂ V (G) such that U , V (G) \ U = ∅ and all the edges of G between U and V (G) \ U
have label 0. Now, for any even number 2s we construct the graph GK(U ) in the following way. The
vertex set is given by
V
(
GK(U )
)= {(u, j) ∣∣ u ∈ U ; j ∈ Z2s
}
,
and two vertices (u, i), (v, j) are adjacent with an edge of label r if and only if they satisfy one of the
following conditions:
• r ∈ {1,2, . . . ,d}, i = j, and u is adjacent to v in G with an edge of label r − 1.
• r = 0, u = v ∈ U , and j = i − 1 for i even (say).
• r = 0, u = v ∈ V (G) \ U , and j = i + 1 for i even.
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nents of G , then GK(U ) is the CPR graph of 2sK−1 described in Section 5.
The graph GK(U ) is a CPR-graph of a polytope that satisﬁes the FAP with respect to its vertex
ﬁgures. The proofs are analogous to those of 2sK−1. The automorphism group now depends on the
graph G and on the set U .
In general, this extension does not satisfy the lattice property. As an example take the square as K,
the Cayley graph of the square as G , the vertices at the ends of two opposite edges of label 1 as U ,
and s = 2. Then GK(U ) is the Cayley graph of the polyhedron {4,4}(2,0) , which is not a lattice.
7. Concluding remarks
As we saw, the question about the existence of a regular (d + 1)-polytope with preassigned facet
type K and preassigned last entry of the Schläﬂi symbol m has a positive answer for m even. On the
other hand, M. Hartley proved in [4] that the hemicubes of rank greater than or equal to 3 cannot
be extended with an odd number as last entry of the Schläﬂi symbol. It still remains open to give
suﬃcient conditions on K (and perhaps m as well) that guarantee the existence of extensions of K
with odd numbers as last entry of their Schläﬂi symbols.
The medial section of a polytope K consists of the section between a vertex v and a facet f
containing v . A technique to construct self-dual regular (d + 1)-polytopes having as medial section a
preassigned self-dual regular (d−1)-polytopes K is shown by E. Schulte in [8]. To apply the technique
it suﬃces to have an extension P of K that satisﬁes the FAP with respect to its facets (isomorphic
to K), then it is possible to construct a self-dual polytope with facets isomorphic to the dual of P
and vertex ﬁgures isomorphic to P . Schulte conjectures that the extensions of the self-dual polytopes
exist with arbitrary preassigned ﬁrst and last entries of the Schläﬂi symbol. The extension described
in Section 5 together with this technique, give an aﬃrmative answer to this conjecture for even
numbers. So far, the conjecture remains unsolved for odd numbers.
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